Abstract. Limit cycle oscillations (LCO) as well as nonlinear aeroelastic analysis of a swept aircraft wing with cubic restoring moments in the pitch degree of freedom is investigated. The unsteady aerodynamic loading applied on the wing is modeled by using the strip theory. The harmonic balance method is used to calculate the LCO frequency and amplitude for the swept wing. Finally the super and subcritical Hopf bifurcation diagrams are plotted. It is concluded that the type of bifurcation and turning point location is sensitive to the system parameters such as wing geometry and sweep angle.
Introduction
Interaction of aerodynamic, elasticity and dynamics is called aeroelasticity, and many disciplines in this field such as dynamic instability and flutter, are investigated by many researchers. The aeroelastic results under the assumption of structural linearity, may disagree with the physical phenomena as most real structures may have structural nonlinearities such as freeplay, bilinear, cubic non-linearity, friction, and hysteresis.
Limit cycle oscillations (LCOs) and bifurcations arising from a concentrated structural nonlinearity in the restoring forces were first studied by Woolston et al. (1957) and Shen (1977) . Breitbach (1979) described the flutter analysis of an airplane with multiple structural nonlinearities in the control system. Laurenson (1980) studied flutter of a missile control surface with freeplay using the describing function method. Lee and Torn (1989) applied the describing function method to analyze the flutter characteristics of the F-18 aircraft. They considered a nonlinearity of the type represented by a bilinear spring at the wing-fold hinge. They also considered free-play nonlinearity at the leading edge flap. Tang and Dowell (1992) investigated free-play nonlinearity in the pitch degree of freedom. It was shown that free-play nonlinearities introduced limit cycle oscillations at speeds below the linear flutter speed.
They concluded that the amplitude of limit cycle oscillations depended on initial conditions, Corresponding author, MSc. Graduated, E-mail: Amoozgar@sina.kntu.ac.ir a Associate Professor, E-mail: Irani@kntu.ac.ir b MSc. Graduated, E-mail: Sarrafzadeh@sina.kntu.ac.ir airspeed, and degree of nonlinearity. Kim and Lee (1996) , particularly investigated same problem but with a flexible two degrees of freedom airfoil. They performed nonlinear aeroelastic analyses for both the frequency domain and time domain.
The nonlinear response of a structurally nonlinear airfoil in subsonic flow has similarly been the subject of a number of investigations such as works done by Conner et al. (1998) and Tang et al. (1998) for discontinuous structural nonlinearities, and by O'Neil (1998) and Sheta et al. (2002) for continuous structural nonlinearities. Sedaghat et al. (2001) considered the estimation of the hopf bifurcation point for aeroelastic systems. In this investigation, a procedure was developed to produce and solve algebraic equations for any aeroelastic systems, with and without frequencydependent aerodynamics, to predict the hopf bifurcation point. Dessi et al. (2002) studied the limitcycle stability reversal near a hopf bifurcation with aeroelastic applications. In this investigation numerical studies were performed to show the dependence of the Hopf bifurcation characteristics upon the structural and geometric properties of the wing section. Dessi and Mastroddi (2004) constructed a theoretical model with a three-degree-of-freedom aeroelastic typical section with a trailing-edge control surface including cubic nonlinear springs for both the nonlinear description of the torsional stiffness and of the hinge elastic moment. The equations of motion are then analyzed by a singular perturbation technique based on the normal-form method.
Experimental investigation of the aeroelastic response of a wing section with a structural freeplay nonlinearity were performed by Marsden et al. (2005) . They concluded that the friction damping in the experimental apparatus, particularly in the plunge degree of freedom is not negligible, and is probably responsible for the damped LCO behavior. Liu et al. (2007) developed a high dimensional harmonic balance approach for an aeroelastic airfoil with cubic restoring forces. In this research a new formulation of the harmonic balance method was employed for the aeroelastic airfoil to investigate the amplitude and frequency of the limit cycle oscillations. Limit cycle oscillation of rectangular cantilever wings containing cubic nonlinearity in an incompressible flow has been studied by Ghadiri and Razi (2007) . In this study the nonlinear aeroelastic behavior of the 2DOF rectangular cantilever wing with hardening and softening cubic nonlinearities was studied in the time domain, and the prediction of LCO amplitude and frequency via the HB method and numerical solution was investigated. Irani et al. (2011) , studied the Bifurcation in a 3-DOF Airfoil with Cubic Structural Nonlinearity. They showed that the type of bifurcation and turning point location depends on the characteristics of the airfoil as well as the parameters of structural nonlinearity. Numerical investigation of the effects of structural geometric and material nonlinearities on limit-cycle oscillation of a cropped delta wing was considered by Peng et al. (2011) . This study demonstrated that the LCO of the cropped delta wing was not only closely related to geometric nonlinearity, but was also remarkably affected by material nonlinearity. Numerical bifurcation analysis of static stall of airfoil and dynamic stall under unsteady perturbation was studied by Liu et al. (2012) . In this research the static and dynamic stalls were studied from viewpoint of nonlinear dynamics and it was concluded that the oscillating airfoil could have a positive influence on the aerodynamic performance of airfoil by modifying the streamline topology. Anton et al. (2012) analyzed the hopf bifurcation of an aeroelastic model using stochastic normal form. In this research, the effects of parameter uncertainties on the dynamical response of an aeroelastic model representing an oscillating airfoil in pitch and plunge with linear aerodynamics and cubic structural nonlinearities were investigated.
Harmonic Balance Method is used to determine the turning point location respect to the freestream flow velocity and it is an efficient method to illustrate unstable LCOs before the Hopf Cubic nonlinearity in the pitch degree of freedom causes subcritical knee-like and supercritical pitchfork-like shape Hopf bifurcation respect to the characteristics of the wing. More recently, Eken and Kaya (2015) investigated the limit cycle oscillation of swept cantilever wings containing cubic nonlinearity. They showed that the sweep angle can affect the wing response dramatically.
It seems that the effect of wing sweep angle on bifurcation analysis of swept wings has not received much attention in the literature. So in the current study, the effects of wing sweep angle on bifurcation analysis are presented.
Governing equations
A swept cantilever wing modeled as a classic beam containing two degree of freedom as shown in Fig. 1 , is considered. By using standard notation, the plunge deflection and pitch angle are denoted here by h, positive in downward direction, and α, positive nose up, respectively. The elastic axis distance from the mid-chord is a h b n , where b is the semi-chord length, while the distance between the wing center of gravity and the elastic axis is x α b n . All distances are positive when measured towards the TE of the wing.
The kinetic energy, the potential energy and the virtual work of aerodynamic forces acting on the wing may be expressed as follows 
The coefficients A 1 , A 2 , A 3 ,… are the integration of the selected mode shapes of the wing and are defined in Appendix A. The non-dimensional parameters are considered as below:
. n a h n n a n a n a n
The aerodynamic lift and moment used in this paper are the unsteady aerodynamic loading based on strip theory like the model used in Hadadpour et al. (2008) , and in dimensionless form are 2 *2 3 2 2 2 2
Where, Λ is the wing sweep angle, and W 3/4 in terms of Wagner's function can be written as follow
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By summarizing the above equations, the aeroelastic equations of motion can be written as: 
The nonlinear stiffness terms for the cubic nonlinearity are defined as follow
Numerical simulation
The governing aeroelastic equations in the time domain, Eq. (8), can easily be rewritten as a set of first order ordinary differential equations (ODEs). By a suitable transformation, the resulting set of eight ODEs is given as follows
By assuming the following variables: 
.
vector X takes the following form 
The initial conditions of the system can be expressed as 
The standard fourth-order Runge-Kutta method is used to integrate the system of Eq.(11) under given initial conditions as mentioned. 
The linear flutter velocity U L * is obtained by solving the resultant eigenvalue problem. Stability of the linear system depends on the eigenvalues of -A -1 B in Eq. (15). To obtain the solution to the problem, the eigenvalues and eigenvectors of the system must be determined. The real parts of the eigenvalues represent the damping and the imaginary parts represent the frequency. In order to find the aeroelastic instability, one can use the plot of damping against speed and the corresponding airspeed with zero damping is called the flutter or divergence speed. 
Validation
Linear aeroelastic analysis of the swept wing was carried out in order to verify the derived formulations. For this reason, experimental data for the flutter speed of the swept wing of Barmby et al. (1950) are used. The physical characteristics of the tested wings and their nondimensional parameters are presented in Table 1 .
The linear flutter speed for each case is calculated and compared with those obtained by experiments for six different cases are given in Table 2 . It can be seen that this formulation provides good agreement with the experimental data, and the difference between our proposed method and experimental data, in all six cases, is below 5%.
The First Order BH method(HB1)
The HB method is an efficient method for the prediction of the frequency and amplitude of LCO that occurs at speeds above the linear flutter speed for wings containing a cubic nonlinearity. In order to apply this method, plunge and pitch motions should assume the form of a trigonometric series, such as Fourier series. So, the time-dependent part of plunge and pitch motions can be approximated as 
Substituting Eq. (17) into Eq. (6) and Eq. (8), and calculating the coefficients of sin(ωτ) and 
where m i , p i and q i (i=1, 2.. 4) are functions of system parameters and frequency  , and their definitions are given in Appendix C. For velocities larger than the bifurcation value, the motions have limited-amplitude, i.e., there exist non-zero solutions to Eq. (18). At the particular case where we only have cubic nonlinearity in the pitch degree of freedom or β α 3 ≠0 and β ξ 3 =0, the determinant of three equations of Eq. (18) should be zero. We can obtain acceptable frequency by the following equation 
In this instance, once the frequency is obtained, f 1 and g 1 can be solved from the two relations of Eq. (18) 
The third order BH method (HB3)
The second dominant harmonic is associated with a frequency of 3ω. For a higher order approximation in the analytical prediction, we rewrite Eq. (17) as
Substituting Eq. (17) into Eq. (6) and Eq. (8), and calculating the coefficients of sin(ωτ) and cos(ωτ), we obtain the system of a 1 , f 1 , g 1 , a 3 , b 3 , 
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So the other four expressions of Eq. (22) 
By using Eq. (25), we can obtain acceptable frequency, and then by substituting Eq. (26) into the two expressions of Eq. (24), a 1, a 3 and b 3 could be found. Consequently, from Eq. (20) and Eq. (21), we can derive the specific values of f 1 , g 1 and f 3 , g 3 , respectively.
Determining turning point location
Turning point exists only in subcritical bifurcations where the amplitudes of the unstable and stable LCO become equal to each other as well as frequency. In a swept wing with cubic nonlinearity, the characteristics of the wing and the sign of pitch cubic nonlinearity, affect the TP location, irrespective of its magnitude and initial conditions.
In this section by utilizing HB1 method, we investigative how the characteristics of the wing affect the location of TP and how the subcritical bifurcation converts to supercritical one or vice versa. The results are consistent with when the HB3 method is applied. A typical application of Runge-Kutta algorithm fails to estimate this location because typically there is no proper initial disturbance for finding this location. The wing parameters are as follow:
3 3 a h a n 100, x =0.25, a =-0.3, r =0.5, l/b =50,
The location of turning point of the wing with respect to the variation of wing parameters is depicted in Fig. 2 .
By increasing a h supercritical bifurcation converts to the subcritical at a h =-0.47 and it causes the TP location gets more far away from the Hopf point. Moreover, by increasing r α supercritical bifurcation converts to the subcritical at r α =0.32. This phenomenon is repeated again for  and the conversion from supercritical to subcritical bifurcation occurs in  =1.04.
Bifurcation plots
Supercritical bifurcation emerges, when a wing with the characteristics mentioned in Sec. 7, including cubic hardening stiffness in the pitch degree of freedom, is considered. To check the validation of results, stable LCO's at various U * /U L * are numerically evaluated and compared with those obtained by Ghadiri et al. (2007) and reported in Table 3 , and good agreement is observed. Here the wing has no sweep angle and the results are for the mid section of the wing.
The pitch and plunge amplitudes obtained via different methods (i.e., Runge-Kuta, HB1, HB3) are compared with each other in Tables 3 and 4 . It can be realized that, in stable LCO condition, all methods have same results with small difference. 
HB3 present HB3 Ghadiri et al. (2007) Runge-kutta present 
HB3 present HB3 Ghadiri et al. (2007) Runge-kutta present Now, by using the HB1 and HB3 methods, the finite limited pitch and plunge amplitudes of the stable and unstable LCOs as well as LCO frequency, for the swept wing are computed and compared with numerical Runge-Kutta method in Fig. 3 for different span-wise positions.
It is concluded form this plot that for greater values of U * /U L * there are some difference between different solution methods. Also the differences between three methods are increased for greater values of η. Here the turning point location is near U * /U L * =0.967. Another interesting result is that for all sections of the wing, the TP location is same. Moreover, the LCO frequency first increases until turning point and then decreases.
Among the different investigations, the effects of different parameters on Subcritical and Supercritical knee-like Hopf bifurcation diagrams, for wing tip, are studied and plotted in Fig. 4 .
In this figure, the bifurcation diagrams for different values of a h and μ are plotted. It is seen that for a h =-0.6 the Supercritical knee-like Hopf bifurcation condition is obtained, but in a h =-0. As it can be seen, the variation of sweep angle has not had significant effects on amplitudes. In Fig. 6 the effect of wing sweep angle on bifurcation location of a wing with following characteristics for two different initial pitch conditions, is plotted. 
As it can be seen in this figure, for zero sweep angles in the first case, the bifurcation is occurred in U * /U L * =2.14 but this value decreases until Λ=9°. After this point, the bifurcation nondimensional speed increases until Λ=27° and for sweep angles greater than this value, the bifurcation speed again decreases. The trend of the second case shown in this figure is same as the first one, but the values are different. It is concluded from this plot that for sweep angles lower than or equal of 33 degree, the variation of initial condition has significant effects on the location of bifurcation onset. But in greater values of sweep angle, the location of bifurcation is independent of the initial conditions. In Figs. 7 to 11, the bifurcation locations of the prescribed wing with and without sweep angle for different value of initial condition for two different nondimentional speed are plotted. The region that bifurcation occurred is obviously different between the wing with sweep and without it, in all figures. In Fig. 7 , it is seen that bifurcation region for swept wing is bigger than the unswept wing.
As it is clear from this plot, the bifurcation location is divided into two parts and between these two parts there are some initial conditions in which the wing doesn't examine the bifurcation phenomenon. In Fig. 8 , the bifurcation location is plotted for different values of U * /U L * and α(0). Here, the region that bifurcation occurred for wing with sweep angle is smaller than the unswept.
In Fig. 9 the bifurcation location is plotted against different value of U * /U L * and α ʹ (0). The bifurcation region for swept wing is bigger than the unswept wing except for somewhere near α ʹ (0)=0. Furthermore, the bifurcation location for (0)  and (0)   are plotted in Figs. 10 and 11. In both plots the bifurcation region for swept wing is bigger than unswept wing. In Fig. 11 the bifurcation location is so big that we can say in all initial conditions the bifurcation phenomenon is occurred.
Conclusions
In this work, the governing aeroelastic equations of a swept wing in an incompressible flow were derived in the time domain. The nonlinear aeroelastic behavior of the wing with hardening cubic nonlinearities in the pitch degree of freedom was studied. Moreover, the prediction of LCO amplitude was investigated by using the HB method and numerical solution and the results were illustrated in bifurcation plots. The different Supercritical and Subcritical knee-like Hopf bifurcation diagrams, for different system parameters, were plotted and the following outcomes were concluded:
(a) The bifurcation diagram is highly dependent on the position of the elastic center. 
